
B E R N O U L L I  A N D  E N E R G Y
E Q U AT I O N S

This chapter deals with two equations commonly used in fluid mechan-
ics: the Bernoulli equation and the energy equation. The Bernoulli equa-
tion is concerned with the conservation of kinetic, potential, and flow

energies of a fluid stream, and their conversion to each other in regions of
flow where net viscous forces are negligible, and where other restrictive con-
ditions apply. The energy equation is a statement of the conservation of en-
ergy principle and is applicable under all conditions. In fluid mechanics, it is
found to be convenient to separate mechanical energy from thermal energy
and to consider the conversion of mechanical energy to thermal energy as a re-
sult of frictional effects as mechanical energy loss. Then the energy equation
is usually expressed as the conservation of mechanical energy. 

We start this chapter with a discussion of various forms of mechanical en-
ergy and the efficiency of mechanical work devices such as pumps and tur-
bines. Then we derive the Bernoulli equation by applying Newton’s second
law to a fluid element along a streamline and demonstrate its use in a variety
of applications. We continue with the development of the energy equation in
a form suitable for use in fluid mechanics and introduce the concept of head
loss. Finally, we apply the energy equation to various engineering systems. 
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When the static pressure is measured by drilling a hole in the tube wall, care
must be exercised to ensure that the opening of the hole is flush with the wall
surface, with no extrusions before or after the hole (Fig. 12–15). Otherwise
the reading will incorporate some dynamic effects, and thus it will be in error.

When a stationary body is immersed in a flowing stream, the fluid is
brought to a stop at the nose of the body (the stagnation point). The flow
streamline that extends from far upstream to the stagnation point is called the
stagnation streamline (Fig. 12–16). For a two-dimensional flow in the x-y
plane, the stagnation point is actually a line parallel the z-axis, and the stagna-
tion streamline is actually a surface that separates fluid that flows over the
body from fluid that flows under the body. In an incompressible flow, the fluid
decelerates nearly isentropically from its freestream value to zero at the stag-
nation point, and the pressure at the stagnation point is thus the stagnation
pressure.

Limitations on the Use of the Bernoulli Equation
The Bernoulli equation is one of the most frequently used and misused equa-
tions in fluid mechanics. Its versatility, simplicity, and ease of use make it a
very valuable tool for use in analysis, but the same attributes also make it very
tempting to misuse. Therefore, it is important to understand the restrictions on
its applicability and observe the limitations on its use, as explained below:

1. Steady flow The first limitation on the Bernoulli equation is that it
is applicable to steady flow. Therefore, it should not be used during the
transient start-up and shut-down periods, or during periods of change in
the flow conditions. Note that there is an unsteady form of the Bernoulli
equation, discussion of which is beyond the scope of the present text
(see Panton, 1996).

2. Frictionless flow Every flow involves some friction, no matter how
small, and frictional effects may or may not be negligible. The situation
is complicated even more by the amount of error that can be tolerated.
In general, frictional effects are negligible for short flow sections with
large cross sections, especially at low flow velocities. Frictional effects
are usually significant in long and narrow flow passages, in the wake
region downstream of an object, and in diverging flow sections such as
diffusers because of the increased possibility of the fluid separating from
the walls in such geometries. Frictional effects are also significant near
solid surfaces, and thus the Bernoulli equation is usually applicable
along a streamline in the core region of the flow, but not along a
streamline close to the surface (Fig. 12–17).

A component that disturbs the streamlined structure of flow and thus
causes considerable mixing and back flow such as a sharp entrance of a
tube or a partially closed valve in a flow section can make the Bernoulli
equation inapplicable.

3. No shaft work The Bernoulli equation was derived from a force
balance on a particle moving along a streamline. Therefore, the
Bernoulli equation is not applicable in a flow section that involves a
pump, turbine, fan, or any other machine or impeller since such devices
destroy the streamlines and carry out energy interactions with the fluid
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FIGURE 12–15
Careless drilling of the static pressure
tap may result in erroneous reading of
the static pressure.

High Correct Low

Stagnation streamline

FIGURE 12–16
Streaklines produced by colored fluid
introduced upstream of an airfoil;
since the flow is steady, the streaklines
are the same as streamlines and
pathlines. The stagnation streamline is
marked. (Courtesy, ONERA).
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effects such as a valve causes a sudden drop in both EGL and HGL at
that location.

• A steep jump occurs in EGL and HGL whenever mechanical energy is
added to the fluid (by a pump, for example). Likewise, a steep drop
occurs in EGL and HGL whenever mechanical energy is removed from
the fluid (by a turbine, for example), as shown in Fig. 12–22.

• The pressure (gage) of a fluid is zero at locations where the HGL
intersects the fluid. The pressure in a flow section that lies above the
HGL is negative, and the pressure in a section that lies below the HGL is
positive (Fig. 12–23). Therefore, an accurate drawing of a piping system
and the HGL can be used to determine the regions where the pressure in
the pipe is negative (below the atmospheric pressure).

The last remark enables us to avoid situations in which the pressure drops
below the vapor pressure of the liquid (which causes cavitation, as discussed
in Chap. 10). Proper consideration is necessary in the placement of a liquid
pump to ensure that the suction side pressure does not fall too low, espe-
cially at elevated temperatures where vapor pressure is higher than it is at low
temperatures.

12–3 APPLICATIONS OF THE
BERNOULLI EQUATION

In Section 12–2, we discussed the fundamental aspects of the Bernoulli equa-
tion. In this section, we will demonstrate its use in a wide range of applica-
tions through examples.

�
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FIGURE 12–22
A steep jump occurs in EGL and HGL
whenever mechanical energy is added
to the fluid by a pump, and a steep
drop occurs whenever mechanical
energy is removed from the fluid 
by a turbine.
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FIGURE 12–23
The pressure (gage) of a fluid
is zero at locations where the HGL
intersects the fluid, and the pressure is
negative (vacuum) in a flow section
that lies above the HGL.
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EXAMPLE 12–3 Spraying Water into the Air

Water is flowing from a hose attached to a water main at 400 kPa gage
(Fig. 12–24). A child places his thumb to cover most of the hose outlet, in-
creasing the pressure upstream of his thumb, causing a thin jet of high-speed
water to emerge. If the hose is held upward, what is the maximum height that
the jet could achieve?

SOLUTION Water from a hose attached to the water main is sprayed into the
air. The maximum height the water jet can rise is to be determined.
Assumptions 1 The flow exiting into the air is steady, incompressible, and irro-
tational (so that the Bernoulli equation is applicable). 2 The water pressure in
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PROBLEMS*

Mechanical Energy and Efficiency

12–1C What is mechanical energy? How does it differ from
thermal energy? What are the forms of mechanical energy of a
fluid stream?

12–2C What is mechanical efficiency? What does a mechan-
ical efficiency of 100 percent mean for a hydraulic turbine?

12–3C How is the combined pump-motor efficiency of a
pump and motor system defined? Can the combined pump-
motor efficiency be greater than either of the pump or the
motor efficiency?

12–4C Define turbine efficiency, generator efficiency, and
combined turbine-generator efficiency.

12–5 Consider a river flowing toward a lake at an average
velocity of 3 m/s at a rate of 500 m3/s at a location 90 m above
the lake surface. Determine the total mechanical energy of the
river water per unit mass and the power generation potential of
the entire river at that location. Answer: 444 MW

FIGURE P12–5

12–6 Electrical power is to be generated by installing a hy-
draulic turbine-generator at a site 70 m below the free surface
of a large water reservoir that can supply water at a rate of
1500 kg/s steadily. If the mechanical power output of the tur-
bine is 800 kW and the electrical power generation is 750 kW,
determine the turbine efficiency and the combined turbine-
generator efficiency of this plant. Neglect losses in the pipes.

12–7 At a certain location, wind is blowing steadily at 12 m/s.
Determine the mechanical energy of air per unit mass and the
power generation potential of a wind turbine with 50-m-
diameter blades at that location. Also determine the actual elec-
tric power generation assuming an overall efficiency of 30
percent. Take the air density to be 1.25 kg/m3.

12–8 Reconsider Prob. 12–7. Using EES (or other)
software, investigate the effect of wind velocity

and the blade span diameter on wind power generation. Let the
velocity vary from 5 m/s to 20 m/s in increments of 5 m/s, and
the diameter to vary from 20 m to 80 m in increments of 20 m.
Tabulate the results, and discuss their significance.

12–9E A differential thermocouple with sensors at the inlet
and exit of a pump indicates that the temperature of water rises
0.072°F as it flows through the pump at a rate of 1.5 ft3/s. If the
shaft power input to the pump is 27 hp, determine the mechan-
ical efficiency of the pump. Answer: 64.7%

FIGURE P12–9E

12–10 Water is pumped from a lake to a storage tank 20 m
above at a rate of 70 L/s while consuming 20.4 kW of electric
power. Disregarding any frictional losses in the pipes and any
changes in kinetic energy, determine (a) the overall efficiency
of the pump-motor unit and (b) the pressure difference between
the inlet and the exit of the pump.

∆T = 0.072° F

Pump

River 3 m/s

90 m

*Problems designated by a “C” are concept questions, and
students are encouraged to answer them all. Problems designated
by an “E” are in English units, and the SI users can ignore them.
Problems with a CD-EES icon are solved using EES, and
complete solutions together with parametric studies are included
on the enclosed CD. Problems with a computer-EES icon are
comprehensive in nature, and are intended to be solved with a
computer, preferably using the EES software that accompanies
this text.
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12–61 Reconsider Prob. 12–60.  Using EES (or other)
software, investigate the effect of head loss on

mechanical efficiency of the pump. Let the head loss vary
from 0 to 15 m in increments of 1 m. Plot the results, and dis-
cuss them.

12–62 A 7-hp (shaft) pump is used to raise water to a 15-m
higher elevation. If the mechanical efficiency of the pump is 82
percent, determine the maximum volume flow rate of water.

12–63 Water flows at a rate of 0.035 m3/s in a horizontal pipe
whose diameter is reduced from 15 cm to 8 cm by a reducer. If
the pressure at the centerline is measured to be 470 kPa and
440 kPa before and after the reducer, respectively, determine
the head loss in the reducer. Answer: 0.79 m

12–64 The water level in a tank is 20 m above the ground. A
hose is connected to the bottom of the tank, and the nozzle at
the end of the hose is pointed straight up. The tank is at sea
level, and the water surface is open to the atmosphere. In the
line leading from the tank to the nozzle is a pump, which in-
creases the pressure of water. If the water jet rises to a height of
27 m from the ground, determine the minimum pressure rise
supplied by the pump to the water line.

FIGURE P12–64

12–65 A hydraulic turbine has 85 m of head available at a
flow rate of 0.25 m3/s, and its overall turbine-generator effi-
ciency is 78 percent. Determine the electric power output of
this turbine.

12–66 The demand for electric power is usually much higher
during the day than it is at night, and utility companies often
sell power at night at much lower prices to encourage con-
sumers to use the available power generation capacity and to
avoid building new expensive power plants that will be used
only a short time during peak periods. Utilities are also willing
to purchase power produced during the day from private par-
ties at a high price.

Suppose a utility company is selling electric power for
$0.03/kWh at night and is willing to pay $0.08/kWh for power
produced during the day. To take advantage of this opportu-
nity, an entrepreneur is considering building a large reservoir
40 m above the lake level, pumping water from the lake to
the reservoir at night using cheap power, and letting the
water flow from the reservoir back to the lake during the day,
producing power as the pump-motor operates as a turbine-

generator during reverse flow. Preliminary analysis shows that
a water flow rate of 2 m3/s can be used in either direction, and
the head loss of the piping system is 4 m. The combined
pump-motor and turbine-generator efficiencies are expected to
be 75 percent each. Assuming the system operates for 10 h
each in the pump and turbine modes during a typical day, de-
termine the potential revenue this pump-turbine system can
generate per year.

FIGURE P12–66

12–67 Water flows at a rate of 20 L/s through a horizontal
pipe whose diameter is constant at 3 cm. The pressure drop
across a valve in the pipe is measured to be 2 kPa. Determine
the head loss of the valve, and the useful pumping power
needed to overcome the resulting pressure drop.
Answers: 0.204 m, 40 W

FIGURE P12–67

12–68E The water level in a tank is 66 ft above the ground.
A hose is connected to the bottom of the tank, and the nozzle at
the end of the hose is pointed straight up. The tank cover is air-
tight, but the pressure over the water surface is unknown. De-
termine the minimum tank air pressure (gage) that will cause a
water stream from the nozzle to rise 90 ft from the ground.

12–69 A large tank is initially filled with water 2 m above
the center of a sharp-edged 10-cm-diameter orifice. The tank
water surface is open to the atmosphere, and the orifice drains
to the atmosphere. If the total head loss in the system is 0.3 m,
determine the initial discharge velocity of water from the tank.

Water
20 L/s

∆P = 2 kPa

Pump-
Turbine

Lake

40 m

Reservoir

20 m

27 m
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